Mathematics

Extension 1

This is a trial paper ONLY. It
does not necessarily reflect the
format or the contents of the
2009 HSC Examination Paper
in this subject.

HEEEEREEE

Candidate Number

Sydney Girls High School

2009

TRIAL HIGHER SCHOOL
CERTIFICATE EXAMINATION

General Instructions

Reading Time - 5 minutes
Working time -2 bours
Attempt ALL questions

ALL questions are of equal value

All necessary working should be shown
in every question. Marks may be
deducted for careless or badly arranged
work.

Standard integrals are supplied
Board-approved calculators may be used.
Diagrams are not to scale

Each question attempted should be

started on a new sheet. Write on one
side of the paper only.

Question 1 (12 marks)

(a) The remainder when the polynomial x* is divided by x + a is 16.
Find the value of a

(b) Differentiate sin™ (%) with respect to x
Tl

(c) Evaluate J.z—dx
o X +9

(d) The interval AB, where A is (2,1) and B is (3,2) is divided internally
in the ratio 4:3 by the point P(x,). Find the values of x and y.

1
&) \
(e) Evaluate Ixe* dx  Leave your answer in exact form.
[}

() Let f(x)=+vx*-5x+6 What is the domain of f{x)?

v
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Question 2 (12 marks)

cosxv1—sinx dx

(a) Use the substitution » =1-sinx to evaluate

N[ﬁv__.m]ﬁ

(b) A particle moves on the x-axis with velocity v.
Velocity is given by v =x-3

Using the fact that a= di(% v?), find the acceleration of the particle at x=4
x

(c) The polynomial P(x) = x> +ax+ b hasazeroat x = 2. When P(x) is
divided by x — I, the remainder is 2.
Find the value of ¢ and &

(d) The function f{x) = sinx + log x has a zero near x = 0.5
Use one application of Newton’s method to obtain another approximation to
this zero. Give your answer correct to three decimal places.

Marks

Question 3 (12 marks)

(@
1) Sketch the graph of y = x(x-2)(x-3) showingthe x and y
intercepts. Do not use calculus.

(ii)  Hence, or otherwise, solve x*+6x > 5x

(b) Use mathematical induction to prove that, for integers n>1
n(n+h(n+2)

1x2+2%3+3x 4+ ... + n(n+1) = ;

(c) The radius of a spherical balloon is expanding at a constant rate of Gems™!

4 =§7tr3,S =4zr?)

@) At what rate is the volume of the balloon expanding when its radius is 4cm?

(ii) At what rate is the surface area of the balloon expanding if the rate of
‘‘‘‘‘ change of volume is / Sem’s™!
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Question 4 (12 marks)

(a) A freshly baked chocolate cake is cooling in a room of constant temperature
of 20°C. Attime ¢ minutes its temperature T decreases according to the

equation %— =—k(T'—20) where kis a positive constant. The initial

temperature of the cake is 150°C and it cools to 100°C after 15 minutes.

@) Verify that 7= 20 +Ae™ is a solution of this equation, where A
is a constant

(i)  Find the values of A and k, giving & correct to three decimal places.

(iiiy  How long will it take for the temperature of the cake to cool to 25°C?
Give your answer to the nearest minute.

(b) The points P(Zap,apz) and Q(2aq, aqz) lie on the parabola i =4ay

1) Show that the gradient of PQis P%

(ii) Show that if PQ passes through the focus then pg = -1

(iif)y  Find the equation of the locus of the midpoint of PQ if PQis a
focal chord.

(c) Solve S >2
x-1

Marks

Question 5 (12 marks)

(2) Let f{x) =x* - 2x for x21. This function has an inverse, e

i) Sketch the graphs of y =f{x), y =1 7(x) and y=x on the same set of
axes. (Use the same scale on both axes)

(i)*  Find an expression for /~(x)
(i)  Bvalate f7'(2)

(b) A particle is moving in simple harmonic motion in a straight line.
Its amplitude is 3m and its period is % seconds.

Find the maximum speed and maximum acceleration of the motion.

(©)

In the diagram above, AD |l BC and the line EC is a tangent to the circle at D.

Copy or trace the diagram
Prove that BD? = AD.BC

Marks
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Question 6 (12 marks) Question 7 (12 marks)
(a) From a point X due east of a tower, the angle of elevation of the top of the —(@y=f (ﬁ) Oxs?n oc>1d0function 3
tower His31°. From another point ¥ due south of X, the angle of elevation J(x)20 if x20
" . 0 . . a
of H is 25°. The distance XY is 150m. J.f(x)dx =>7a2 %27 if a>0
Fol 7
H Find the area bounded by y = f{x + 3), x = -4, x = 4 and the x axis
(b) A particle is projected from a point O on horizontal ground, with speed
Vms ! at an angle of elevation to the hotizontal of &
y
Q-—————=———== |:|X
I
I
I
I
!
Y s LB
i) Copy or trace the diagram, adding the given information to your diagram 1 v
o
(i)  Hence find the height of the tower 3 0 .
Its equations of motionare ¥ =0, y =-g
(i) Show that x="Vicosa and y=Visine —% gt 2
(b) Find all values of @ in the range 0 < <27 for which VB cos—sing =1 4 oW sina
(i) Show that the time of flight of the particle is 2
g
. (iii)The particle reaches a point P, as shown, where the direction of the flight 2
! makes an angle # with the horizontal.
Show that the time taken to travel from O to P is Vsin@-p) seconds
gcos
(©
A e we y=—S— attt 2 l a VS
(i)  Find the equation of the normal to the curve y = Faa e - (iv) Consider the case where § = 3 If the time taken to travel from Oto P is 3
point (2,1) : then one-third of the total time of flight, find the value of a
(ii)  Show that the normal in (i) does not touch the curve again. 2

- End of Exam -
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Extension 1 — Trial 2009

Question 3 Solutions

ii.
From parti. 0<x<2, orx23
b.

Step 1 - Prove true for n=1

LHS =1x2
=2

RS = LD0+2)

o true forn=1
Step 2 — Assume true for n=k

Fe(fe+ 1)k +2)

Ix242x3+. . +k(k+1) = 3

Step 3 — Prove true for n=k+1

Required to prove that:

I1x2+2%3+. .+ k(k+ D)+ (k+Dk+2) = 3

(b + Dk +2)(k +3)

LHS =1x2+2x3+...+k(k+D)+(k+1)(k+2)

HOEDERD) |y 2)
_K(ier S(k +2)  3(e+D+2)
(et 3)?k +1)(k+2) :

= RHS 3

cotrueforn=k+1

Therefore the statement is true for all positive integral
values of n by induction.

@ _dr v
it dt dr
=6x4zr’
=247*
whenr =4
ﬂ: 24x 7 x 4
dt

=384mem’s™

a_
dt
15 =24x7"

, 15

247

}15
=
247
dSade_d_r

d dr’ odi
=87rx0

=48nr

15
=487 X, |—
24n

=67.26cm’s™

15

Question 4
{@). (). T=20+Ae"
dar_ —kAe™
7
=—k(20+ de™ ~20)
= —k(T -20)
(ii).
T =20+ Ae™
150=20+4

A=130
7= 204130e
100 =20+130e™"%

{iii).
7"=25 when (=9
7= 20+130¢ "
25 = 20+130¢"0%

ef()_UJZI — 5

130

5
r=1In| = |+ (~0.032
n(mo) (-0.032)

L= 1008 (e 102 minutes)

{iii).
Midpoint of PQ is :

9 ) 2 2
M:[_ap +2aq ap” +aq J

’

2 2

ay o 2
=la(p+q),={p +q
( (p+q) 2(1 q ))
. x
Lx=a(prq) Qe prg==—
a
ar 5
y=5(r"rq’)

={(pra) ~2p)

. af x* x?
L= k2 ory =t
2\ a” 2u

since pg = —1 (a focal chord)

2 2
ap” —uy

(b). (i). m,, =
" 2ap-2aq

_alp+q)p-q)
2a(p-q)
_ptq
2
{ii).

Liquation of line PQ:

y—ap’ = p;q(x—Zap)

I PQ passes through the focus (0, «) then :

a—ap’ = _/9: 9 —2ap)

) .
2e--2ap” ==2up” - 2apy
Qa = 2upy

Pyl

{c).
S x(x=1)">2x-1)*
x—]

S5(x—D-2(x~1)*>0
(x-DGE=-2(x~-1)>0
(x=1)7-2x)>0

l<x<3.5

1/\35

ES




4

= »_er

— 1O G
(IS RN
s N P __5;,__( N N (D & | B
LAY ,Vﬂm:“'
V/ m—l ],Q Covond
I / / Ao ek woash
/ / O r~ Y e
i 5"‘(1&\ ,./ y // //
J / —1 Y7¥ Vk'%'}/wf‘)\m‘* @
— : Y / 7 e ot cylwlmt(v\.
¥
— - ‘ / 3
- i ‘_,/,L(I\ - n Ly
=t R y
— 1) o c:\)L«7w) v ) :\-/\"(2,)1 ] w’%/ D _
— Zgre Ly e | Na e
— 2l e U N Mo covpr dinvennin
S = &2 ~ ?
- (\(:/\J’l)L 2 Al Cruv—- Foivnal  gemywnins
. ,:,) - 4‘\/)-7—\—‘\'_‘ !/ U “)
AT

- \n) 4‘/)\: = N 2= U"l atall obeak)
- n- A% ot = 16 (-t
- = 4 '/ e UR Ve \~»¢ ez O

= le (el

i v

= v~y N
. =/
- O = K
T lQ> I~ -
Voo Gl (8 N Yot S k. -1

e (=3)

et}

L

4§ st

Hﬂlﬂé(/, oD

_—

m\%@w W
MQM&A\%( alt / S_ML; L~k\‘
e #‘Q“A&C HIADNC g (o,

Al g |

——

who

Q:H.

—————

—_— )

b&uL
o LEter
x’ﬁfm




Question 6:

a)

In AOHX : In AOHY :
tan31°=——h— tan25° =L
[0)¢ oY
X: h 0 Oyz’Lo
tan31 tan25
In AOXY :

0Y* = 0X*+ Xy?

2 2
L
tan“25" tan®31

2 2
h h 1507

tan?25° tan?31°

h*tan®31-h*tan®25
tan®25tan’31

hz(tan231—tan2 25) =150 tan? 25 tan?31
b e 150% tan® 25tan®31

h

b) \/gcose—sinG:Rcos(9+ (x)

=RcosBcosa—Rsinfsina

Rcosazx/g
Rsingg=1
b4
2 2cos| 0+— |=1
R= (\/g) +17 [ 6)
=2 cos| 6+% =1
1 6) 2
tano=—
\/5 9+£:£/5_7t
a—ﬁ 6 3 33
"6 Q:E’_ﬂ:
6 2

=150

tan®31-tan?25

=110.91096...
h=110.9m (to 1 dec. pl)

) )

(i)

.8 m, =
y—xz+4 Fornormal: ¥ m,
:8(,\(Z+4)_1 =2
. —l6x
_(X2+4)z At x=12:
At x=2: yz—z—Z—B;z
_ ~-16%2 =1
(22 +4)2 Equation of normal at (2,1):
32
=" y_y1=m(x~x1)
1 y-1=2(x~2)
2 y=2x-3

Points of intersection:

2x-3=

X+ 4
(2x—3)(x2+4)=8
2x3+8x-3x*-20=0
Letp(x)=2x3+8x—3x2—20

p(1)=-13
p(-1)=-33
P(2)=0

(x - 2) is a factor ofP(x)
Using division of polynomials:
P(X)=(X—Z)(2X2+X+10)
A=1*-4.2.10
=-79

As A<0, 2x* 4+ x+10=0 has no real roots. (i.e. no more points of

intersection).

So the normal y =2x -3 does not touch the curve again.




Tl $(42) & Jix) Frovaladad
K, T B

f :{l:J-‘('n F3) v = / 7 $60 o /
24 .
- jj\ﬁd"h) 4 jo( _’R’n)o(n

A1
A= J:;‘ Fi da * \Jo \{“)"L’L

= Pt 4ty g7
- C’L"—]‘]« ‘.‘/
(LIR) % = o H =9

%= Vg /5‘: Vﬂ»‘\;a(.“‘c?)('/
BN 'VA‘/I.mr/\ :): V["_MJ“ liﬂji(l
(L\) ]..—Jlk ('7:; [&]
40V e w tygdl=o
e 7 c/
Vo 4 =4 gh

LNV adn A L
Wty

(S 2 19 = "l»:‘—L g
()ﬁ%r OHL/

= g, b
&

= Vas 4 ook
oty A
Vs A Jon. B = Vo k v—yf
3‘& = \//)A;,\ ol *\/;Cbaol ./l“’-\n ¥

= V/u‘i. L :&aﬂ;‘_\@éJ&\ 9
2 B P

Jrem ko

+ =

(A

Bt o &

|
3
&
=

-3 2oy ”2:

qt-/("""l% = ,




